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1. Introduction 



Abstract. Wc consider properly immersed finite topology minimal surfaces E in 
complete finite volume hyperbolic 3-manifolds N, and in M x S^, where M is a 
complete hyperbolic surface of finite area. We prove E has finite total curvature 
C^ , equal to 27r times the Eulcr characteristic x(^) of ^j ^^id "^6 describe the geometry 

.^ of the ends of E. . 

in 

o 
q 

^ Let N denote a complete hyperbolic 3-manifold of finite volume. An end A^ of A^ is 

Cd modeled on the quotient of a horoball of the hyperbolic 3-space H^, by a Z^ parabolic 

S subgroup of the isometry group of M^ leaving the horoball invariant. More precisely 

we consider the model of the half-space of H^ = {{x, y, t) G M^; y > 0} with the metric 

^H (ig'2 = da; +dy +dt ^ ^jj^g^ ^^ g^^ Qf jy j^g^g ^ sub-eud isometric to 

^ M{-1) = {{x,y,t) e M^y > I/O > 0} 

T-H modulo a Z^-parabolic subgroup of isometrics of H^ leaving the planes {y = c} 

■^ invariant. The horosphere t/=constant quotient to tori T{y) in A^(— 1); T{y) has 

O constant mean curvature one. Let c be a compact geodesic of T(l). Then A(—l) = 

{(c, t);t > 1} is a minimal annulus immersed in A^(— 1), which we will call a standard 

cusp-end in A^(— 1) 

A complete surface M of constant curvature K = —1 and finite area has finite total 



;.!^ curvature hence M is conformally diffeomorphic to a compact surface punctured in 

a finite number of points. Each end of M (called a cusp end), denoted C, is an 
annular end isometric to the quotient of a horodisk H in the hyperbolic plane H^ by 
a parabolic isometry ip. 

To describe the geometry of such ends we model EP by the upper half plane 

M'' = {ix,y)eR'';y>0} 

with the metric ds"^ = ^ ^ ^ . Then a cusp end C of M is isometric to H/[ip], where 
H = {{x,y) G M^; y > 1} is a horodisk and ip{x, y) = {x + r, y), for some r 7^ 0. 

The authors were partially supported by the ANR-ll-ISOl-0002 grant. April 8, 2013. 
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In M X §^, with the product metric, the ends become Ai := C x §^, and are fohated 
by constant mean curvature tori T{yi) = c{yi) x S-*^, where c{yi) = {{x,y) G IHI^;y = 
l/i}/M- W^ consider S"*^ = ]R/T(/i), T{h) the translation of M by some h > and 

M = Uy>yJ{y) = {H/m X (R/T{h)) = {{x,y,t) eR'';y>yo> l}/[V^,T(/i)]. 

Thus the ends of A^ and those of M x S^ share many properties. Both are parametrized 
by the same half-space of M^, and foliated by constant mean curvature tori T{y) ( 
curvature one half in Ai and one in A^(— 1)). A^(— 1) has constant sectional cur- 
vature —1 and the tori T{y) shrink exponentially when one flows by the geodesies y 
increasing. In A4, the horizontal cycles c{y) shrink exponentially along the y increas- 
ing flow and the t cycles are of constant length h. Subsequently we will develop the 
geometry of surfaces in these ends. 

Now let S be a properly embedded minimal surface in A^ or M x §^ of finite topology; 
so that S has a finite number of annular ends {Aj} for 1 < j < k. Since S is proper, 
each end Aj of S is in some end A^ of M x §^ or in some end A^(— 1) of A^. We 
denote hj E a connected component of a lift of an end A of S, i? in EI x M or H^. 

We will now describe the model ends of minimal annuli in Ai and A^(— 1). In A^(— 1) 
the model end is the standard cusp end A{—1) we previously defined. 

In Ai, there are essentially three model ends. In A^, we define A(p,g) to be the 
annular end that is the quotient of a (euclidean) half-plane -E'(p,ij) orthogonal to the 
plane {{x, y, t) G M^; y = 1} and of slope qh/pr. For (p, q) = (1, 0), the end 

E(i,o)ito) = {{x,y,t) G R^;y> l,t = to} and A(i,o) = ^(p,?)/^ 

is a cusp end of M (horizontal). For (p, g) = (0, 1), it is the product of a horizontal 
geodesic ray of M and S^. The end 

E(o,i){xo) = {ix,y,t) eR^;y>l,x = Xq} and A(o,i) = ^(o,i)/T(/i). 

For {p,q) 7^ {(0, 1), (1,0)}, we think of A(p,q) as a helicoid with axis at the cusp at 
infinity. It is the quotient of 

^(p,g)(co) = {ix,y,t) G R^;y > l,prt - qhx = cq} and A^p^g) = E(^p^q)/[tp,T{h)]. 

We will prove that a properly immersed annular end A in A^ or in Ai{—1) has finite 
total curvature and is asymptotic to a standard end ^(p,^) in A^ or a standard cusp 
end ^(—1) in Al(— 1). The main theorem of the paper is: 

Theorem 1.1. Consider a complete surface M with curvature K = —1 and finite 
area and N a complete hyperbolic 3-manifold of finite volume. Let H he a properly 
immersed minimal surfaces in N or in M ^ S^ with finite topology. Then the surface 
S has finite total curvature and each end A of H is asymptotic to a standard cusp- end 
A{—1) in Al(— 1) or to a standard end A(p,ij) in At: 

(i) A(p,o) (i horizontal cusp C x {to} 
(ii) A(o,g) (I vertical plane •y x S^ 
(iii) A(p,g) a helicoidal end with axis at infinity. 
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Moreover 



j KdA = 2nx{^). 



Corollaries of the theorem |1.1| Combining the formula for the total curvature of 
S in theorem lA, with the Gauss equation, we obtain topological obstructions for 
the existence of proper minimal immersions of a finite topology surface S into A^ or 
M X S^, of a given topology. 

For example, there is no such proper minimal immersion of a plane M^ into A^ or 
M X §^. In A^ there is no proper minimal immersion of the sphere §^ with n punctures; 
n = 0, 1, or 2. A proper minimal immersion of S^ with two punctures (an annulus) 
in M X S^, is necessarily 7 x S^, 7 a complete geodesic of M. 

More generally, suppose S is an orientable surface of genus g with n punctures, n > 0. 
Then x(^) = '2 — 2g — n, so iiH can be properly minimally immersed in A^ or M x §^, 



it follows from theorem 1.1 and the Gauss equation 



f Kj: = 27r(2 - 2g ~ n) = f K, + f K^ 



where K^ and K^, are the extrinsic and sectional curvatures of S respectively. Since 
-1 < i^a < in M X §^ K„ = -1 in A^, and K^ < 0, we have 

2 - 2^ - n < 

and equality if and only if K^, = K„ = 0. 

This equality cannot occur in A^ (since K„ = ~1) and equality in M x §^ yields S is 
vertical and (7 is or 1. When g = 0, then n = 2 and E = 7 x S^ 7 a complete, non 
compact geodesic of M. 

When 2 < 2g + n then ii g = 0, one can not have n < 2. So excluding the equality 
case we discussed above, there is no proper minimal immersion of §^ with 0, 1, or 2 
punctures, in A^ or M x S^. 

In A^, one obtains an area estimate. If S is properly minimally immersed in A^ then 



27r(2 -2g-n)= I K^ 
Js 



so |S| = J^Ke + 27T{2g + n — 2) < 271 {2g + n — 2) and equality precisely when E is 
totally geodesic. Do such totally geodesic immersions exists in A^? 

We have < 2f7 + n — 2, so if 2(yf + n — 2 < 0, the immersion S does not exist in A^. 
li 2g > 2 — n, can S be properly minimally immersed in A^?. 

The paper is organized as follows. We will begin considering surfaces in M x S^. 
First we describe some examples of properly embedded minimal surfaces of finite 
topology in M X S^. We start with M a 3-punctured sphere, then M a sphere with 
2n punctures, and M a once punctured torus. We hope to convey to the reader the 
wealth of interesting examples in these spaces. 
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In section 2, we describe some properties of the standard examples v4(p g) in the cusp 
ends M of M X §^. We construct auxiUary minimal surfaces needed for the sequel. 

In section 3 we begin the study of a lift E G H x M. oi a.n annular end A of S fl A^ . 
We prove that a subend of A is trapped between two standard ends ^(p,^) that are 
close at infinity; "close" will be defined later. 

In section 4, we study compact annuli that we will use in the proof of the theorem. 
In section 5, we study the limit of a family of Scherk type graphs in H^ which are 
converging to and we use this sequence to prove that the third coordinate of an end 
of type (1,0) has a limit at infinity. 

In section 6, we prove that a trapped subend of A is a killing graph, hence has 
bounded curvature. Then in sections 7,8, and 9, we prove the main theorem. 



2. Examples in M x §^ 

The first examples in M x S^ that come to mind are the horizontal slices E = M x {c} 
and the vertical annuli (or totally geodesic tori), E = 7 x S^, 7 a complete geodesic 
(perhaps compact) of M. 

We describe five examples; M will be a sphere with three or four punctures or a once 
punctured torus, and have a complete hyperbolic metric of finite area. Denote by 
§ph(/c), fc = 3 or 4 such a hyperbolic sphere and Tor(l) a once punctured hyperbolic 
torus. 

Example 1. E an embedded minimal surface in Sph(3) x §^ with three ends; two 
helicoidal and the other horizontal. The domains and notation we now introduce will 
be used in all the examples we describe. 

Let r be the ideal triangle in the disk model of EP with vertices A = {0,1), B = 
(0, —1), C = (—1, 0) and sides a, b, c as indicated in figure [I] 

Let E, be the minimal graph over the domain D bounded by F, taking the values 
on 6 and c and h > on a. Extend E, to an entire minimal graph E over EP by 
rotation by tt in all the sides of F, and the sides of the triangles thus obtained. 

In figure [2| we indicate some of the reflected triangles and the values of the graph S 
on their sides. 

Let D be the domain bounded by F. Let ipA be the parabolic isometry with fixed 
point A which takes the geodesic c to ci and a to ai, tpA = RciRa, where R^ denotes 
reflection in the geodesic 7. Let ipB be the parabolic isometry of EP leaving B fixed, 
taking b to 61 and a to C2; 'ipB = RbiRa- 

Notice that the group of isometrics of EP x M, generated by T(2/i) o-?/;^ and T(2/i) o?/)^, 
leaves E invariant. 

Let M be the 3-punctured sphere obtained by identifying the sides of Z^ U Ra{D) by 
'ipAy'ipB (c with ci, b with bi). M is hyperbolic and has finite area. 
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Figure 1. Ideal triangle (ABC) in If 




Figure 2. Value of the graph S on geodesies 



Let E2 be the graph in E over DURa{D). Then the multi-graph Ukez^k2h{'^2) passes 
to the quotient M x (M/T(2/i)) to give a complete embedded minimal surface E with 
3-ends; two helicoidal and the other horizontal. E is a 3-punctured sphere, has total 
curvature —2n and E is stable (E is transverse to the killing field d/dt). 
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Figure 3. M is a 4-punctured sphere 



Example 2. S an embedded minimal surface in §pli(4) x S^, the sphere with four 
ends. Let Q be the ideal quadrilateral D U Ra{D), and define F = Q U Rc^{Q). Let 
M be the quotient of F obtained by identifying the sides of dF as follows: 



(1) Identify c with Rc^{c) by the parabolic isometry at A taking c to R, 



c\\ 



(2) Identify h with i?ci (&) by the hyperbolic isometry taking h to Rc^ (b) and, 

(3) Identify 6i with Rc^ipi) by the parabohc isometry at Ci taking hi to Rc^ipi). 

M is a 4-punctured sphere. A more (apparently) symmetric picture of M is obtained 
by changing the picture by the isometry taking A to A and Ci to B as indicated in 
the figure [3j 

Then the graph of S over F yields a embedded minimal surface S in (M x ]R)/[T(4/i)]. 
E has two horizontal ends and two helicoidal ends of type -E(l, 1). S is also stable. 

Example 3. A compact singly periodic Scherk surface; M a once punctured torus. 
This surface is constructed in [8]; we describe it here. Let Q = D U Ra{F>) and 
7i,72 be minimizing geodesies joining opposite sides of D; figure |4| In H^ x M, we 
desingularize the intersection of the planes 71 x M and 72 x M in the usual manner 
to create a Scherk surface invariant under a vertical translation. We describe this. 
Let a and /3 be the segments of 71,72 in the first and fourth quadrants respectively. 
Form a polygon in H^ x M by joining to (a x {h}) U (/3 x {0}) by the two vertical 
segments joining a(r) x {0} to a(r) x {h}, and joining /3(r) x {0} to /3(r) x {h}; 
a(r) denotes the endpoint of a on F (similarly for /3(F)). This polygon bounds a 
least area minimal disk Di, figure |5] 
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Figure 4. M is a once punctured torus 




(3{T) X {h} 



/3x{0} 



(3{T) X {0} 



Figure 5. A least area disk Di 



Successive symmetries in all the horizonntal sides yields a "Sclierk" type surface in 
H^ X M bounded by 4 vertical geodesies, invariant by vertical translation by 2h. 

We now identify opposite sides of Q by the hyperbolic translations T(7i), T(72), along 
7i and 72. This gives a once punctured torus M. The Scherk surface passes to the 
quotient to give a compact minimal surface S with (9S = 0, in M x (]R/T(2/i)). 

Example 4. A singly periodic Scherk surface with 4 vertical annular ends; M a once 
punctured torus. Now we "rotate" example 4 by 7r/4. Let ai,a2 be the complete 
geodesies joining the opposite vertices of dQ; ai, 0:2 are the x and the y axis in the 
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/3x{0} 

Figure 6. A piece of singly periodic Scherk surface with 4 vertical 
annular ends 



unit disc model. Again we construct Plateau disks bounded by the polygon of figure 

El 

We know that when the vertical geodesic segments diverge along (3, the plateau solu- 
tions converge to a complete embedded surface in H^ x M with boundary {{x, 0)/x > 
0} U {{y, 0)/y > 0} U {{x, h)/x > 0} U {(y, h)/y > 0}. 

The symmetries of this surface along all the edges yields a singly periodic Scherk 
surface in Q x M, invariant by T{2h). 

As in example 4, we identify the opposite sides of Q by hyperbolic translations to ob- 
tain a torus M with one puncture. This gives the Scherk surface E in M x ]R/[T(2/i)], 
with four vertical annular ends. 

We remark that one can quotient dQ by parabolic isometries to obtain this Scherk 
surface in M x §^ where M is now a 4-punctured sphere. 

Example 5. A helicoid with helicoidal ends in M x S^, M a once punctured torus. 
It is convenient to describe this example in M x S^ where M is the once punctured 
torus obtained from the ideal quadrilateral Qi in H^ with the 4 vertices (±4| ± -jq), 
by identifying opposite sides. 

Let 5" be the third quadrant of Qi: S = {{x,y) G Qi;x <0,y< 0}. For h > 0, let 
El be the minimal graph over S with boundary values indicated in figure [7j 

Let S3 be the reflection of Si through j3 (cf figure [?]); S3 is between heights h and 2h 
and is a graph over the second quadrant of Qi. Then rotate Si U S3 by tt through 
the vertical axis between (0, 0) and (0, 2h), to obtain S2 U S4; S4 is a graph over the 
fourth quadrant of Qi. S is the union of the four pieces Si, through S4, identified 
along the boundaries as follows. 

First we consider identifying opposite sides of Qi be the hyperbolic translations send- 
ing the opposite side to the other. Then we can quotient by T{2h) or by T{Ah). The 
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Figure 7. Ei be a ininimal graph over S 

first quotient gives an non orientable surface in M x S^ witli one lielicoid type end. 
Tlie second gives an orientable surface of total curvature — Stt with two helicoidal 
type ends (it is a double cover of the first example). Topologically the first example 
is the connected sum of a once punctured torus and a projective plane. The second 
surface is 2 punctured orientable surface of genus two. 

The reader can see the helicoidal structure of S by going along a horizontal geodesic 
on E at /i = 0, from one puncture to the other. Then spiral up E along a helice going 
to the horizontal geodesic at height h. Continue along this geodesic to the other (it's 
the same) puncture and spiral up the helices on E to height 2h. If we do this right, 
we are back where we started. 



3. Barriers in M x S^ 

We construct barriers by solving the mean curvature equation of ruled surfaces. These 
barriers will be used to prove the Trapping Theorem in section 4. In the model 

H^ X M = {{x,y,t) G M.^;y > 0}, we consider surfaces 



X : (m, v) — )■ (m, a{v),v + \u) 
for a C^ real positive function of one variable v — )■ a{v) defined on some interval /. 



Lemma 3.1. The mean curvature H of the surface X : {u,v) — )■ (■u,Q;(f),f + Am) 
immersed m H^ x M = {(x, ?/,t) G M^;?/ > 0} with the metric ds'^ = "'^ ^"'^ + dt'^ is 
given by 
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-«2 

2if = ^^ (a"(l + A^a^) + «(i + X^a')^)) 

Proof. In the model of H^ x M = {{x,y,t) G M.^;y > 0} with the metric ds"^ = 
^ \^ + dt'^, the non zero terms of the connection are given by 

Va/a^d/dx = ^d/dy Va/dyd/dy = -Id/dy 

^d/dxd/dy = Va/dyd/dx = -^d/dx 
The tangent space is generated by 

dX{d/du) = Ei = d/dx + Xd/dt = (1, 0, A) 
dX{d/dv) = E2 = a'{v)d/dy + d/dt = (0, a'{v), 1) 
The direct unit normal vector is given by A^ = V/Z with V = Ei A E2, 
V = -Xa'{v)a{vfd/dx - a{vfd/dy + a'{v)d/dt = {~Xa'iv)aivy, -a(^;)^ a'{v)) 

Z^ = \V\^ = {a'{v)f{l + X^aiv)^) + a{vf. 
We compute the mean curvature by the divergence formula 

-2H = div(iV) = div (^^) = ^^{Z'dWiV) - \V.{Z')). 

We compute the first term 

div(\/) = -^iXa'(v)a'{y)) - Xa'iv) a' {v)dxY ( -^ 
ox \OX 

- |(«'(^)) - «'(^)div (I) + |(«'(^)) + «'Mdiv (I 

Using div (J^) = div (^) = and div [-§-) = — - with a{v) = y and v = t — Xx, a 
direct computation gives 

div(y) = X^a^a" -2a -a" (--\ + a" 



For the second term 



:i + X^a^)a" 



2 ox 

ll^{Z^) = a{l + X^a-) 

~{Z') = a'a"il + XW) 
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ix,0, tMax +7r/2) 




Figure 8. S^, Surfaces foliated by horizontal horocycles 

Hence ^V.{Z^) = (1 + X^a^)X^a^a'^a" - ^^(i + X^a'^) + a'^a"{l + X^a^). Finally we 
obtain 

div(A^) = diY{V/Z) 



= 4^[(1 + X'a^)a"{a^ + a'^ + X^a^a'^) 
- (1 + X^a^)X^a^a'^a" + a%l + X^a'^) + a'''a"{l + X'a')] 



a 
Z^ 



a"{l + X'a') + a(l + X'a")] = -2H 



D 



We study the geometry of surfaces X : (m, v) — t- {u, a{v),v + Xu) which are minimal. 
We notice they are ruled surfaces foliated by curves v — )■ (0, a{v),v) where a G C^(/), 
a > 0, A > 0. 

The first case solves the equation when A = 0. The solution a{v) = Tsinf gives the 
family of minimal surfaces up to vertical translation 

S^ = {{u,T smv,v) eR^;ueR,v e [0,7r]} 

This surface is foliated by horizontal horocycles u — )■ {u,a{v),v) and is described in 
Hauswirth [3], then by Toubiana and Sa Earp [7], Daniel ^ and Mazet, Rodriguez, 
Rosenberg [8] (see figure [s]). By the nature of the curve f — )• (0, T sinu, v), the surfaces 
S^ fohate the slab S = {{x,y,t) eR^;0 < y,0 <t < tt}. 



12 



P. COLLIN, L. HAUSWIRTH, AND H. ROSENBERG 




{x,0,tMax +7I'/2) 





{x,T,tMax +7r/2) 



{x,0,tilax) 



Figure 9. Surfaces S^ in the disk model and half-space model of EI x 



The general case A 7^ depends on a function a , a solution of the equation 

a"{l + X^a^) + a{l + X\a'y) = 0. 

This equation has a first integral (1 + A^a'^)(l + A^a^) = T for some fixed constant 
T > 1. Since a" < the curves v — )■ {0,a{v),v) are convex. For fixed T > 1, the 
function ^^(f) has its maximum value at supa;T(f) = X~^\/T — 1. The function aT 
is positive on a set [0, Vo(T)]. The solution ^^(f) with initial data q;t(0) = and 
a'{0) = X^^^/T — 1 defines a one-parameter family of minimal surfaces 

{{u,aT{v),v + Xu) G ™^-' 



tJrp 



:ueR,ve [0,vo{T)]}. 



For large values of T and fixed constant M > 0, we look for the set of values where 
< aT(v) < M. On this set we remark that 



a 



J2 



A" 



T 



1 + A2a2 



1 > A" 



T 



1 + A2M2 



1 



which implies that a'rp{v) — t- 00 when T — )• 00. The part of the curve {0,aT{v),v) 
contained in < y < M converges to the half geodesic {{0,y, 0) G M^; < ?/ < M}. 

We summarize this discussion in the figure |9] and we will use the following lemma: 
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T(l) 



T(2;o) 



Figure 10. An annular end in M 

Lemma 3.2. a) The family of surfaces S^, foliates the slab H^ x [0, vr] and when 
T goes to infinity the surfaces S^ converge on compact sets to the horizontal section 
M2 X {0}. 

b) The one-parameter family of surfaces S^ converges on compact sets to {{x,y,t) G 
M^;y >0 andt = Xx}. 

4. Trapping theorem for minimal ends 

We consider a minimal surface S of finite topology, hence each end of S is an annular 
end. Since S is properly immersed, each end Aq of S is contained in some end Ai of 

M xS\ 

Lemma 4.1. There is yo > 1 and a sub-end A of Aq such that dA C T(yo); A is 
transverse to T(yo) and A C Uy>yf^T{y). 



Proof. Since S is properly immersed each end of S has a subend Aq contained in 
some Ai = Uy>iT{y). Aq is transverse to almost every T{y) so let y^ > Ihe such that 
OAq C Ui<y^yf^T{y), and Aq is transverse to T(|/o). Then Aq fl T(yo) = Ci U ... U Ck, 
each Cj an immersed Jordan curve in T(?/o)- 

Aq is proper so Aq fl T{y) ^ for large y. Hence at least one of the Cj is not null 
homotopic in Aq. Observe that there is at most one such Cj. For if Cj and Cj are not 
trivial then they bound a compact domain F in Aq disjoint from dA^. F cannot be 
contained in Ui<y<yoT(?/) since then F would touch some T(?/i),?/i < yo; on the mean 
convex side of T(?/i), a contradiction. So F C \Jy->y^{xj). But then, dA^ and Cj or 
Cj {Ci say) would bound a compact F\ on Aq, -Fi fl Cj = 0. Aq — F\ is an annular 
sub-end of Aq with boundary Cj contained in dT{%jQ). Since Aq — F\ intersects T(|/o) 



also at Cj, there is a compact domain F^ of Aq — F\ contained in U 



i<j/<m)'^(2/) with 
dF2 C T(j/o); a contradiction; see figure 10 

Now it is clear that if each Ci^ I ^ i bounds a disk D on Aq that is contained in 
^y>y(J-{v)- It follows that the connected component of A in ^y>y<^{y) that has Cj in 
its boundary has no other C^, I y^ i, in its boundary. This proves the lemma. D 
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Figure 11. An annular end in M 

By a change of coordinates on A^, we can assume that the end A is in Uy>iT{y) and 
dA C T(l) . Let E he a connected component of the hft of A to EI x M. The boundary 
dE G P := {{x, y, t) G M^; y = 1} and E is transverse to P. There is {p, q) such that 
the curve dE is invariant by the isometry of H^ x M 

ipP o T{hy : (x, y, t) ^ {x + pr, y, t + qh). 

We say that A and E are of type (p, g). The curve dA is a curve of the torus T(l). 
We prove in the following lemma that (p, q) ^ (0, 0) 

Lemma 4.2. The end E is topologically a half-plane and dE is a non compact curve 
in P. 



Proof. Assume the contrary, and let E he a lifting of A to EI x M, i? an immersed 
annulus in {y > 1}, dE G H = {y = 1}. We know the coordinate y is a proper 
function on E. 

Denote bylliEIxIR— )'EI = EIx {0}, the vertical projection. Let 71,72 be disjoint 
geodesies of EI, disjoint from Il{dE), and that separate Il{dE) from the point at 
infinity of EI; see figure 11 (the set Il{dE) is compact). Let i7 C EI be the domain of 
EI bounded by 71 U 72, so U{dE) n fi = 0. 

For a e M, solve the Dirichlet problem on Q to find a minimal graph over Q, with 
asymptotic values +cxd on 71 U 72, and a on doo{^) (see Collin- Rosenberg [2]). 

By varying a we obtain a first point of contact of the graph with E; a contradiction. 

D 
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dE C {{x,l,t));XMin <X< XMax} 




(T,1,0) 



{xMin, 0,0) 



(0,0,0) 



{X Max, 0,0) 



Figure 12. An annular end in M 

Now we prove that an end E of type {p,q), {p,q) 7^ (0,0) is trapped between two 
ends of type -E(p,g) : 

Theorem 4.3. (The Trapping Theorem) Let A G Tj be a properly immersed end 
in Ai with dA C T(l) and A transverse to T(l). If dA, is a curve of type {p,q) in 
T(l), then A is contained in a slab on Ai bounded by two standard ends ^(p,g)- 

Proof. We use the model of A^ = {H x Wj/[ilj,T{h)] and a connected component E 

. We prove that E is contained in a slab bounded by two 
where H = {{x, y) G M^; y > 1}. 



of a lifting of A in H^ x 
half-planes -E(p,g) in if x 



Case {p, q) = (0, q). First we begin with the case where the curve dA is of type (0, q). 
This means that the boundary dE is a periodic curve invariant by vertical translation 
T{hY = T{qh). From this invariance of dE, we know there exists XMtn and XMax 
such that dE C {(s, 1, t); xjv/m < a; < XMax}- 

Let Q = {{x,y) G M^; x > xuax and y > 0}. Foliate Q by the geodesies jt whose 
end-points at infinity are {xMax,0) and (T, 0); T > XMax- For \T — XMax\ < 2, 
7t n {?/ > 1} = 0. Define S'r = 7r x M; so ^t n E = for \T - XMax\ < 2. 

Now let T increase to 00, so 5*^ converges to {{xMax,y)',y > 0} x M. Since E is 
periodic, St must be disjoint from E for all T > 1; otherwise there would be a first 
point of contact (i.e. the two surfaces cannot have a first contact point at infinity). 



contradicting the maximum principle (see figure 12 ) 

The same argument using XMin shows E is trapped between two standard ends of 
type E(o,i). 
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Case {p,q) = (p, 0) Now dE is a curve invariant by ipP{x,y,t) = {x + pT,y,t). Let 
tMin and tMax satisfy: 



dE C {{x,l,t);tMtn <t < tMax}- 



Translate the barriers of lemma |3.2[ see figure |8} 

S^{t) := {{u,T sin v,v + t) eR^;ueR,v E [0,tt]} with t > tMax- 
For \T\ < 1, we have S^{t) n (// x M) = 0, and dE is below height t = tMax- By 



lemma 3.2, the family Sf^{tMax) converges on compact sets to the horizontal section 

t = tMax- For t > tMax, t large, Tq given, we have S^^(t) n E = 0. 

If S^^{tMax) n -E 7^ 0, then since E is periodic, there would be a first ti such that 
'S'^o(^i) r\ E ^ 0, contradicting the maximum principle. Thus E is below t = tMax- 
The same argument with 

S^{t) := {{u,Tsmv,v-TT + t) eR^;ueR,v e [0,7r]} with t < tMin 

shows E is above t = tMin- Thus E is trapped between two standard ends of type 

Case {p, q) ^ (0, q), {p, 0). Now we use the family of barriers S^. dE is invariant by 
the isometry ip^ o T{hY : (x, y, t) — )■ (x + pr, y, t + qh) on j/ = 1. Thus there exists 

CMin, CMax SUch that 

dE C {(x, l,t) G M^;cMin < prt - qhx < CMax}- 

9 



We use S^ of lemma 3.2 with A = — ; see figure 



pr 

3. 



S^{t) := {{u, aTiv),v + Xu + t) eW;ueR,v e [0, VoiT)]} with t > CM^^Jipr) 

For T > 1 fixed, there is to > CMax/(pT) large so that S'y(to) fl -E = 0. Decreasing t 
from to to CMax/(p''") "we conclude (there is no first point of contact) that E is below 
5''^(cMax/(pT) for any T. Let T — )> cx); the S^{cMax/{pT) converge to {{x,y,t) G 
]R^;prt — g/ix = CMax}, hence 

E C {{x,y,t) e R^]prt-qhx < CMax}- 
The same argument with 
S^{t) := {{u,aT{v),v + Xu-vo{T)+t) eR^;ueR,v e [0,vo{T)]} with t < CMm/(pr) 

shows that 

E C {{x,y,t) G R^;pTt-qhx > Cum}, 
which completes the proof of the theorem. D 
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5. The Dragging Lemma 

Dragging Lemma 5.1. Let g : H ^ N be a properly immersed minimal surface in 
a complete 3-manifold N . Let A be a compact surface (perhaps with boundary) and 
f : Ax [0,1] ^ N a C^-map such that f{A x {t}) = A{t) is a minimal immersion for 
< t < 1. Ifd{A{t)) n ^(S) = /or < t < 1 and A(0) n g{T) ^ 0, then there is a 
C^ path 7(t) in E, such that g o 'j(t) G A{t) fl g{T,) for < t < 1. Moreover we can 
prescribe any initial value g o 7(0) G A{0) fl 5'(S). 

Remark 5.2. To obtain a 7(t) satisfying the Dragging lemma that is continuous (not 
necessarily C^) it suffices to read the following proof up to (and including) Claim 1. 

Proof. When there is no chance of confusion we will identify in the following S and its 
image 5'(S), 7 C S and (707 in g(T,) C A^. In particular when we consider embeddings 
of E there is no confusion. 

Let S(t) = ^(S) n A{t) and r(t) = /-i(S(t)), < t < 1 the pre-image in A x [0, 1]. 
When (? : S — )■ A^ is an immersion, we consider p^ G g{T,) fl A(O), and pre-images 
Zq G g^^ipo) and (go? 0) G f~^{po)- We will obtain the arc 7(t) G S in a neighborhood 
of zq by a lift of an arc ri{t) in a neighborhood of (go, 0) in r([0, 1]) i.e. go'-f[t) = fori(t). 
We will extend the arc continuously by iterating the construction. 

Since r(t) represents the intersection of two compact minimal surfaces, we know r(t) is 
a set of a finite number of compact analytic curves ri(t), ..., T^it). These curves Ti{t) 
are analytic immersions of topological circles. By hypothesis, r(t) fl {dA x [0, 1]) = 
for all t. The maximum principle assures that the immersed curves can not contain a 
small loop, nor an isolated point. Since A{t) is compact and has bounded curvature, 
a small loop in r(t) would bound a small disc D in T, with boundary in A. Since A 
is locally a stable surface, we can consider a local foliation around the disc and find 
a contradicttion with the maximum principle. We say in the following that r(t) does 
not contain small loops. 

Claim 1: We will see that for each t with r(t) 7^ 0, t < 1 there is a 6{t) > such 
that if (g, t) G r(t), then there is a C^ arc 7/(r) defined for t < r < t + 6(t) such that 
v{t) = (?!^) s-'^d ?7(r) G r(r) for all r (there may be values of t where 7'(t) = 0). 

Since r(0) 7^ 0, this will show that the set of t for which 77 (t) is defined is a non empty 
open set. This defines an arc 7(r) as a lift of / o ?^(r) C A{t) in a neighborhood of 
7(t) G S. 

First suppose (g, t) G r(t) is a point where A{t) = f{A x {t}) and 5'(S) are transverse 
at f{q,t). Let us consider the C^ immersions 

F : Ax[0,l]^ N x[0, 1] with F(g,t) = (/(g,t),t) 
G : S X [0, 1] ^ iV X [0, 1] with G(2, t) = ig{z),t). 

Let M = F{Ax[0, l])nG'(Sx [0, 1]) and M = F-\M) . F(Ax [0, 1]) and G(Sx [0, 1]) 
are transverse at p = F{q,t). Thus M is a 2-dimensional surface of A^ x [0, 1] near 
p . We consider X(t) a tangent vector field along T{t) and JX(t) an orthogonal 
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r(6)=r(-e) 




a(e) 



-Tie) = -r{-e) 



Figure 13. Neighborhood of a singular point 



vector field to X{t) in T(q^t)M . If d/dt 



TpM, then TpM = Tf(^q,t)A{t) = Tf(^g,t)g{^) 
and {q,t) would be a non transverse point of intersection of A(t) and giT,). Thus < 
JX{t), d/dt >7^ and we can find tj^t) a smooth path, defined for r G [t— (5(g), t+6{q)] 
such that ri{t) = {q,t) and i]'{t) = JX{t) is transverse to r(t) at {q,t). 

By transversality and / being C^ in the variable t, we have a 6{q) > such that for 
t — 6{q) < T < t + 6{q), A{t) intersects foTjlr) in a unique point and this point varies 
continuously with t — 6{q) < r < t + S{q). With a fixed initial point in S, a lift of 
/ o rji^r), defines 7(r) G S. 

Again by transversality, we can find a neighborhood of {q,t) in r(t) and a 5 > so 
that the above path 7(r) exists for t — 6<T<t + 6, through each point in the 
neighborhood of q. It suffices, to look for a local immersion of a neighborhood of 
in TpM into M, to obtain a C^ diffeomorphism t/' : 5(0) C TpM -^ M. M has 
the structure of a C^ manifold in a neighborhood of points of transversality and this 
structure extends to F'^{M) C A x [0, 1]. 

We will find a 5 > that works in a neighborhood of a singular point (g, t) G r(t), 
where there is a 2; G S such that f{q,t) = g{z) and Tf(^q^t)A(t) = Tg(^z)g{^)- We 
consider singularities of r(t) where A{t) and g{T,) are tangent. Near a singularity 
(g,t) G r(t), r(t) contains 2k analytic curves intersecting at q at equal angles, k>l. 

Let l^ be a neighborhood of q in A. The set r(t) r\V is 2/c analytic curves. Let a : 
]—€, e[— 7- VnT(t) be a regular parametrization of one curve with a{0) = q and a{±e) G 
(9V. By transversality as discussed in the previous paragraph < JX{t), d/dt >^ at 
a{s) for s 7^ and JX[t) can be integrated as a curve on M for t — 5(s) < r < t + 5{s). 
Here (5(s) is a C^ function which can be chosen increasing with 5(0) = 5'(0) = 0. 

There exists a C^ diffeomorphism : fi = {(s,r) G M^; — e < s < e, t — 5(s) < 
T < t + 5{s)} — 7- M such that 4>{s,t) = a{s) for s g] — e, e[ and 0(s,r) G r(r) for 
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i2 




dV 



Figure 14. The curve ri{T) passing through several singularities. 



t — 6{s) < r < t+6{s). We consider a function r :] — e,e[— t- M, such that (s, ±r(s)) G Q 
and T is increasing, r(0) = r'(0) = and r(e) = t + 5(e), t(— e) = t + 6{—e). 

Now we can construct a path ?7(r) G r(r) which joins (g, t) to a point in T{t + (5(e)). 
The C^ arc / o ri{T),t < r < t + 6{e) is locally parametrized by 0(s,r(s)),s G]0,e[ 
and continuously extends to f{q,t) when r ^ t. Each point a(s), can be connected 
C"^, by the arc 0(s, r), t < r < r(s) from a{s) to 0(s, t(s)), and next a subarc of ^^(r) 
for r(s) < T < t + (5(e) (see figure 13). The constant 5{e) depends only on ct(e) = gi, 
and we note 5{qi) := (5(e). 

Now there are a finite number of arcs amV — {q), with end points (j and a collection 
of gi, g2, •••g2fc- So one has a < (5 with (5 < 5(gi) that works in a neighborhood of q. 
The claim is proved. 

To complete the proof of the Dragging Lemma, it suffices to prove that 7(t) extends 
C^ for any value of t G [0, 1]. Assume that there is a point to such that the arc 7(t) 
is defined in a C^ manner for t < to. By compactness of A, the arc accumulates at 
a point (g, to) G r(to). Remark that the structure of M along r(to) gives easily the 
existence of a continuous extension to to. To ensure a C^ path through to, we need a 
more careful analysis at (g, to). 

Claim 2: Suppose the path 7(t) satisfies the conditions of the Dragging lemma for 
< t < to < 1. Then 7(t) can be extended to < t < to + 5, to be C^ and satisfy the 
conditions of the Dragging lemma, for some 6 > 0. 

If (g, to) is a transversal point, M has a structure of a manifold and if to — (5(to) < 
ti < to and Tjiti) = (gi,ti) is in a neighborhood of (g, to), we can find a C^ arc that 
joins rj(ti) to (g, to) G r(to). Next we extend the arc for to < t < to + S{to)- 
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Figure 15. Left: The curve r(ti)-Right: The curve r(t;). 



If (g, to) is a singular point, we consider a neighborhood V G Aofq and r(to) intersects 
(91^ in 2 A; transversal points gi, ..., (3'2fe- We consider Vx [ti, to] with to — (5(to) < ti < to- 
By transversality at {qi,to), ...,{q2k,to), the analytic set r(ti) intersects dV in 2k 
points and V in k analytical arcs ai, ...,afc- We suppose that i]{ti) E ai G V x {ti}. 
We construct below a monotonous C^ arc from r]{ti) to a point (g,t2) on dV x {t2} 
for some ti < t2 < to and by transversality an arc from (g,t2) to a point (g',to) G 
9V^ X {to}, using the fact that to — (5(to) < t2. Next we can extend the arc in a C^ 
manner from {q',to) to some point in r(to + S(to)). 

We consider (gi,ti), ..., {qi,ti) singular points of T(ti) nV x {ti} and we denote by 
Wi, ..., Wi neighborhoods of gi, ...,qi in AnV. The arc ai cannot have double points 
in V without creating small loops. Hence ai passes through each Wi, ..., VF^ at most 
one time, before joining a point of dV (We can restrict V in such a way that there 
are no small loops in V"). 

First we assume that there is t2 such that for any t G [ti,t2], the curve r(t) has 
exactly one isolated singularity in each neighborhood Wi x {t} with the same type as 
qi e r(ti) {i = 1, ...,£) and t2 < ti + 6(ti). If we parametrize ai : [sq, S2e+i] -^ r(ti), 
we can find Si,...,S2£ such that Q;i(s2fc-i), a;i(s2A:) G dWk and 4 = [s2k^2, S2k-i] are 
intervals parametrizing transversal points in r(ti). 

The manifold structure of M gives an immersion ipj : Ij x [ti, ti + 5] — ?■ M, ti + 6 < t2 
and j = 1, ...,£+ 1. In the construction of r] up to ti, the singular points are isolated; 
then we can assume rjiti) is a regular point of r(ti), hence is contained in an ai{Ij). 
We construct the beginning of the arc ?7(r) as the graph parametrized by (f)j{s,T{s)) 
with r an increasing function from ti to ti + 6/n as s varies from s G Ij, corresponding 
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to the initial point ^(ti) = ai{s), to S2j-i- Next we pass through the singularity 
{(jj, ti + 26 /n) by constructing an arc wich joins the point 0j(s2i-i) ^i + ^/n) G r(ti + 
6/n)ndWj to the point 0j+i(s2j, ti + 3(5/n) e r{ti + 36/n)ndWj (see figure 14). For a 
suitable value of n we can iterate this construction, passing through the singularities 
qj, qj+i---, until we join a point {q, ^2) of dV x {t2} and then we extend the arc up to 
to by transversality outside V. 

Now we look for this interval [^1,^2]- Let ti < t[ < tg and r(t'^) have several sin- 
gularities in some neighborhood Wk, or a unique singularity of index less the one of 
the qk- We consider in this Wk a finite collection of neighborhoods of isolated singu- 
larities W^. ^, ...Wlp. We observe, by transversality that there are the same number 
of components of r(ti) and T{t'^) in Wk (see figure 15). Hence each W'^^^ contains a 
number of components of r(t'^) strictly less than the number of components of r(ti) 
in Wk- The index of the singularity is strictly decreasing along this procedure. We 
can iterate this analysis up to a point where each singularity can not be reduced to 
a simple one. This gives the interval [ti,t2]. 

D 



6. Compact minimal annuli 

We now introduce the compact stable horizontal minimal annulus Fq bounded by 
circles in vertical planes P{c) and P{—c) where P{c) = {{x,y,t) G M.^;y > and x = 
c}. We also foliate a tubular neighborhood Tub(Fo) of Fq by compact minimal annuli 
F^, — 1 < s < 1 and certain small balls Bp containing horizontal minimal annuli C^. 

We will now construct the stable compact annulus Fq. Let rj he a circle of radius 
one in the vertical plane P{c), centered at (c, t/,0). The metric induced on P{c) is 
euclidean so circles make sense. As y — )■ 00, dist(r7, P(0)) — )■ 0. The disk of least 
area in H^ x M bounded by rj is the disc in P{c) bounded by rj (by the maximum 
principle). The area of this disk does not depend y. So for y large, there is a compact 
annulus in H^ x M with one boundary in P(0) and the other boundary rj, whose area 
is less that the area of the disk in P{c) bounded by rj. Assume y is large, then by the 
Douglas criterium there is a least area annulus F^ having one boundary r] and the 
other in P(0). Since F+ has least area w.r.t. this boundary condition, dF^ fl -P(O) 
is orthogonal to P(0). Hence Fq, the symmetry of -F+ through P(0), union F+, is a 
smooth compact minimal annulus orthogonal to -P(O) and F+ fl -P(O) is convex. The 
normal vector along this curve takes on all directions in the plane P(0). Let a be 
symmetry through P(0), rj^ = (^[ri), F_ = o"(F+). Observe that Fq has least area 
with boundary rjUr]^. For if B is an annulus with dB = rjUr]^, write B = 5+ U -B_ 
where B+ = {{x, y, t) eR^;y > and < x < c}n B, and 5_ = {{x, y, t) eR^;y > 
and - c < a; < 0} n 5. We know that the Area(5+) = \B+\ > ^ and |5_| > ^ 
so |-B| > |-Fo|. Thus Fq is a stable annulus as desired. Let 71 be the geodesic joining 
(c, y, 0) to (— c, y, 0). We assume y large so that 71 fl Fq = 0. 
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Figure 16. 



Let r]{s) be equidistant circles of 77 in P(c), for \s\ small, ri{0) = t]. Let ri_{s) = a{ri{s)) 
be equidistant circles in P{—c), 77. (0) = ?7_. Since Fq is strictly stable, there is a 5 > 
so that for \s\ < S, there is a foliation of a tubular neighborhood Tub(Fo), of Fq by 
compact minimal annuli F{s), with dF{s) = ri{s) Uri^{s). choose 6 sufficiently small 
so that 

dist(Tub(Fo),7i) > 0. 



Let Slab(c) = {{x,y,t) G I 
component of Slab(c) — Fq. 



[^■,y > and |x| < c}. We denote by Fq the bounded 
and by F^^ the other component of Slab(c) — Fq. The 



annuli Fg are inside Fq for s G [—1, 0] and inside Fq^ for s G [0, 1]. 

We consider Tub"(Fo) = Use[_i,o]F^ and Tub+(Fo) = Use[o,i]Fs; domains of if x M. 

We consider the curves 5*+ = F(0) fl F1/2 and S_ = F(0) fl F_i/2- There exists a 
constant p > 0, such that for any q of 5'+( or S'_) the geodesic ball Bp{q) of geodesic 
radius p centered at q is contained in Tub'*"(Fo) (resp. Tub~(Fo)). 

We can find i > such that any geodesic ball of radius p centered at q contains 
a small compact minimal annulus Ci bounded by two geodesic circles contained in 
P{£) n Bp and P{—i) n Bp. We say in the following that Ci is centered at g G 5+ U S"- . 



We denote by qi the point 71 fl F(0); see figure 17 
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Figure 17. 



In summary, we fix p > such that 

(1) 3p<dist(Fo,7i), 

(2) S2p(gi)nTub-(Fo) = 

(3) Bp{q) C Tub~(Fo) for any q e S^, 

(4) Bp{q) C Tub+(Fo) for any q G S+, 

Now we clearly have the following: 

Claim: Any continuous curve 7 in the interior of Tub''"(-Fo) fl Slab(£) (or Tub^(Fo) fl 
Slab(£)) joining Fq to Fi (or -F_i) intersects a compact annulus of the family C^(g) C 
Tub'^(Fo)(resp. Tub~(Fo)) for some point q E S^ (reps, q G S_). The next propo- 
sition gives at least two components of S in Fq when Fq is tangent to E at some 
point. 
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Figure 18. 

Proposition 6.1. Let T, be a properly immersed minimal half-plane in Slab(£). Sup- 
pose S is tangent to Fq at p and (9S fl Fq = 0. Then there are at least two connected 
components ofT, in Fq . More precisely z/Si(— ) and S2(— ) are distinct local compo- 
nents ofT, in Fq then Si(— ) and S2(— ) are in distinct components o/S fl F^ . 

Proof. If not we can find a path Oq in S fl Fq , joining a point x G Si(— ) and 
y e T,2{—)- Then join x to y hj a local path (3o in E going through p, but (3q C Fq" 
except at p (see figure 18). Let T = a^ U (3q C F^ . Since E is a half-plane, T bounds 



a disk D in S. By construction D contains points in the interior of F^ . 

Hence there is a compact component of D in F^ with boundary in Fq. By the 
maximum principle DnFf^^, 0<t<l and there is at least one point pi of 
D n Fi. Using compact annuli Ci inside Tub'''(Fo), we can find an annulus Ci{q) 
which intersects D (by the claim). Now translate this catenoid in the interior Fq*" to 
a point outside the convex hull of Fq. Apply the Dragging lemma to obtain points of 
D outside the convex hull. This contradicts the maximum principle. D 



7. A FAMILY OF GRAPH BARRIERS 

In this section we study a one parameter family of surfaces S„ graphs on a sequence of 
domains f2„ of Unbounded by two geodesies. In the unit disk model of H^ = {(x, y) G 
]R^;x^ + y"^ < 1}, we consider two geodesies 7„ and •j-n passing through the points 
(—1 + 1/n, 0) and (1 — 1/n, 0)) and both orthogonal to {y = 0}. We consider the 
domain fin bounded by 7„ and 7_n (see figure 20, Left). We solve the minimal graph 
equation for a function m„ : f2„ — )■ M with Un = +oo on 7„ U7_„ and m„ = on doo^in, 
the boundary at infinity of Qn- 

The graph m„ has a line of curvature r„ over the geodesic 70 = {{x, y) G H^; x = 0}. 
The following proposition describes the limit of the graphs ZI„ when n — )■ 00. 
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Figure 19. Left: Domain r2„ of function m„. Right: Domain of func- 
tions Vn- 

Proposition 7.1. The sequence of solutions of the minimal graph equation in the 
sequence of domains Vtn with boundary data Un = +C)0 on 7„ U 7_„ and Un = on 
doo^n, converge uniformly to the horizontal section H^ x {0}. 



Proof. The sequence of domains fin is an increasing sequence in H^; n„ C fin+i- The 
maximun principle assures that the sequence is decreasing with < Un+i{q) < Un{q) 
for any g G fi^. Hence the sequence of graphs S„ converges to an entire graph of a 
function mq : H^ — )• M. We will prove that mq = 0. 

It suffices to prove that Mq = on the geodesic ■Jq. If not we can assume that 
sup^jj Un = an > b > and there is p G 70 such that Uo{p) = b. 

This point p exists because uq takes value at infinity of 70. This comes from the 
fact that (m„) is a decreasing sequence hence m„ = at infinity of Qn for any n G N. 

We consider the sequence of minimal surfaces S„ graphs of a function w„ on a domain 
Vn bounded by 7„, with boundary data f„ = +00 on 7„ and f „ = 6 on dooVn- This 
family of graphs is well known and Mazet, Rodriguez and Rosenberg proved in [8] 
that the sequence u„ converges uniformly to Vq = b, when n — )■ 00. 

We restrict the function t>„ : l^ — )■ M to the domain Wn bounded by the geodesic 7„ 
and the geodesic 70. On Wn we claim that the maximum principle applies to show 
that Vn > Mo- To see this its suffices to check for the inequality on the boundary of 
the domain Wn- On 7^, the function t>„ = +00 > uq and on 70, we have Vn > b > uq. 
At the boundary at infinity 9ooV^ we have f„ = 6 > = mq- 

Now let n — )■ 00 to show that f „ — )■ f = 6 and vq > uq. This proves by symmetry 
that the function uq < b. The point p of 70 where uq{p) = 6 is an interior maximum 
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point of the function, hence Uq = b. This contradicts the fact that Uq take the value 
at the boundary at infinity of H^ . D 

We consider an end i?(i_o)(c) contained in a slab S = {{x, y, t) G M'^; y > I and — Ci < 



t < Ci} and we use the proposition 7.1 to obtain C° convergence: 



Proposition 7.2. An end A of type {p, 0) of a properly immersed minimal surface S 
in M X S^ has third coordinate which has a limit at infinity i.e. that A converges in 
the C° norm to ^(p,o) <^t height a &] — Ci,Ci[. 

Remark 7.3. We will prove in the next proposition that A converges uniformly in the 
C^ norm to ^(p,o) ^-e; A is a graph converging uniformly to the cusp ^(p,o) oi height 
{t = a}. 

Proof. A covering i? of A is contained in a slab bounded by £'(i^o)(~ci) and £'(i^o)(ci). 
We study the intersection of E with the level section £'(i^o)(c) = {{x,y,t) G M.^;y > 
1 and t = c} with c e] — Ci, +ci[. If F is a compact component oi An £'(i^o)(c) then 
r n dA 7^ 0. Otherwise T bounds a disc D or a subend Aq. In both cases, the 
maximum principle of proposition 7.1 applies and A = ^(p,o) i-e- ^ is a fiat standard 



end of height c. 

Varying the value c e] — ci,+ci[, there is a value a e] — ci,+ci[, such that the 
intersection y4nii^(i o)(c) has a non compact component denoted by F. By proposition 



7.1, F n dE 7^ 0. In the lift E of A, we consider two lifts of F denoted by Fi and 



T2 '■= ip o Fi. The curves Fi,F2 and a compact arc F3 C dE bound a fundamental 



domain, (see figure 19) 



We consider a graph obtained by a translation cr„ of S^ of section [7] such that the 
geodesic 7_„ translates to a fixed geodesic 7 which does not intersect F3 C dE and 
S„ is above E with boundary data «„ = a at the boundary at infinity. The graph 
E„ has a line of curvature which is a graph over the translation of the geodesic 70 
denoted by o"„ o 70 and the boundary curve 7„ is sent to o"„ o 7„. We remark that 
an o 7o is a distance n from 7 and o"„ o 7„ at a distance 2n from 7. 

We let n — > 00 and fix the geodesic 7, using the horizontal isometry cr„. These graphs 



are conjugate to the graphs of the sequence Un of proposition |7.1[ We know that the 
graph over cr„ o 70 is converging to the height a, hence we see that the end A cannot 
have a point above the height a at infinity. We do the same with a symmetric graph 
with value —00 on the geodesic 7_„ and 7+^. This proves that the end A is trapped 
between two graphs which have third coordinate going to the same value a. Hence 
the end A converges in the C^ norm to a cusp end t = a. D 

8. Proof of the theorem in M x §^. 



The surface S is properly immersed. By lemma 4.1, 4.2 and theorem 4.3, each end 
A lifts to ii^ a half-plane trapped between two standard ends -E(p,q). First we prove 
the theorem for an end of type (0,p) and then we adapt the arguments to the general 
case. 
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Ends of type (0,p); the vertical case. Since E is trapped between two vertical 
planes and the distance between two vertical planes tends to zero as y — ?■ oo, we 
can assume E C Slab(£/2) where Slab(c) = {{x,y,t) G M^; y > and \t\ < c}, and 
dE C {y = yo}- We will prove that when p E E, and y{p) > 3 + yo, then the killing 
field Jl is transverse to E at p. Then this sub-end of E is stable hence has bounded 
curvature. We will prove later that this gives the theorem in this case. 

Suppose on the contrary that some p, with y{p) > 3+yo, has J||p in TpE. The annulus 
Fq meets -P(O) orthogonally and the normal vector to this curve of intersection is in 
the plane -P(O) and takes all directions in this plane as one goes once around the 
curve. 

Since J||p G TpE, the normal vector to E' at p is in the plane P{x = x{p)). Thus 
we can translate Fq to p (call Fq this translated Fq) to be tangent to E at p. By a 
translation of less than i/2 we can assume x{p) = 0, so now E C Slab(£). Recall that 
7i is the geodesic joining the centers of the boundary circles of Fq and gi = 71 fl -P(O). 
Write gi = (0, yi, 0) with yi > 2 + t/q. 

The convex hull of the foliation of Tub~(Fo) UTub^(Fo) UFq has y coordinate at least 
the minimum of the y-coordinate of the boundary circles of F{t) i.e. y > yQ + 1/2 on 
the convex hull. Now we proved in the section [6} that this foliation contains a family 
of geodesic balls Bp{q) of radius p > centered at points q E S+ U S-. We choose 
this constant p such that 

3p < dist(Fo,7i) and 4p < 1. 

Each such geodesic ball B{q) contains a compact annulus Ci{q) bounded by geodesic 
circles of radius 6 contained in P(i) and P(—i). 



Step 1: Construction of arcs on E. We know by proposition |6.1[ that there are at 
least two connected components Si,S2 oi E — Fq that have p in their closure, and 
Si,S2 C Fq . Clearly, by the maximum principle, each of Si,S2 intersects each of 
the catenoids in the local foliation Eg about Fq in Fq . In particular there is a g G S*- 
such that C^(g) fl Ei 7^ 0. Now translate C^(g) along the geodesic joining q to gi and 
apply the Dragging lemma to obtain a point pi G Si fl C^ (gi) C Bp{qi). 

The same argument gives a point p2 ^ ^2 fl Ci{qi). Recall that pi and p2 can not be 
joined by an arc in E (1 Fq (we will use this later). Now we construct a loop /i in E. 

For a value /cq G N which will be defined in step 2, we consider F^ to be the euclidean 
segment joining gi = (0, yi, 0) to (0, yi, koh + 2p), together with the segment joining 
(0, yi, koh + 2p) to 2; = (0,|/o, koh + 2p). We will connect the point pi and p2 by an 
arc in E which stays in a tubular neighborhood of F4. U dE. We note by Tubp(F+) 
the tubular neighborhood of geodesic radius p along F4.. We parametrize the curve 
F_|_ in a piecewise C^-monotone manner by q{t),0 < i < 1 and we move -Bp(gi) 
along g(t), from gi to 2; = {0,yo, koh + 2p), by Bp{q{t)). Each ball Bp{q{t)), g G F+ 
contains the catenoid Ce{q{t)) and the Dragging lemma then gives two continuous 
paths cr^(t), cr2{'t) starting at pi,p2 respectively such that crj^(f) G -E for < t < 1. 
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We apply the Dragging lemma up to the value g(l) = z and o^iX) G Bp{z) for 
i = 1,2. Since pi = cr^(l) and p2 = o"2'(l) are in dE fl Bp{z), we can find a path 
ai2 in dE from pi to p2- We have t{pi),t{p2) G [/co^ + P, ^o^ + 3p]. We will prove 
in step 2, that we can find a path crj'2 G dE from pi to p2 such that for all p G crj*2 5 
i(p) G [p, /co/i + 3p]. 

Assuming this, we have constructed a path /i"*" in i? from pi to p2 which is 

/i+ = ^1+ u a+ u 4. 

The arcs crj'"(t), aj(t) are contained in Tp(r+)^ The arcs of ai and aj from pi to 



Fq and P2 to Fg are disjoint (see proposition 6.1) since af C Si and a2 C E2 in 
Tub-(Fo). 

Moreover the paths are quasi-monotone along the segment of r_|_ in Tub(r+): once 
the catenoids Ci{q), g G r+ have advanced along r+ a distance 2p, the paths af and 
0"^ do not return to the p-ball where they started. 

If the arcs (yf{t) and crj(t) remain disjoint for t < 1, we do not change /i+. If the 
arcs intersect then at the first point of intersection p^ we replace //+ by the path on 
a I from pi to p^ union the path on o"^ from p2 to p^. Such a point ps is necessarily 
outside F_i/2- 

Step 2: The boundary dE. Now we study the boundary of the annulus and the 
function t : dE — )■ M the restriction of the third coordinate in the model of the 
half-plane. We parametrize the boundary curve dE by the immersion C : M — )■ 
e^ X R,C{s) = {x{s),yo,t{s)) with period 

C{s + 1) = {x{s + l),yo, t{s + 1)) ^ {x{s), yo, t{s) + h). 

The diameter is defined by 

G := sup |t(si) — t(s2)| 

si,s2e[o,i] 

and choose fco ^ ^ such that K = k^h > G. We consider the intersection of dE with 
a transverse plane to the curve -P(a) := {{x,y,t) G M^;?/ = yo,t = a}. Since C is a 
proper immersed curve, we have a finite number of intersection points 

G{s)nP{a) = {G{si),...,G{si)}. 

We claim that {si)i<i<£ G [si — k,si + k]. To see this we remark that ii si + 1 + k' > 
s > Si + k' > si + k, we have 

t{s) -a = t{s) - t(si + k') + t{si + k') - t{si) > k'r - G > kor - G > 0. 

Hence independently of the choice of a, two points of dE with the same t coordinate 
are connected by a sub-arc F of dE with t(r) C [a — K,a + K]. Two points of dE with 
coordinate ti < t2 can be connected in dE by a sub-arc F with x(F) G [ti — f^, t2 + K]. 

Step 3: A loop fi in E. In step 1, we constructed an arc n^ = a^ U a^2 U '^2 which 
joins the points pi and p2 and fj,~^ C Tubp(F+) U dE. Now do this construction in 
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Figure 20. Construction of the arc F 



the half-space {x < 0} to obtain a path /i~ joining pi to p2 with similar properties. 
Let F_ be the segment from gi = (0,?/i,0) to {0,yi,—kQh — 2p), together with the 
segment joining (0,?/i, —k^h — 2p) to z = {0,yo, —k^h — 2p). Move -Bp(gi) in a C^- 
monotone manner along F_ and we use the Dragging lemma as before to construct 
arcs (Tjf (t) , 0-2^ (t) in E. We note by Tubp(F_) the tubular neighborhood of geodesic 
radius p along F_. We follow the arc cTiif), (12 (t) up to points of dE. As in step 2, we 
construct the arc ajfa, so that points p G afg have coordinate t{p) C [—koh — p, —p]. 



Finally we consider; see figure 20 



f^~ 



a. 



U 0-12 U 0-2 



and we let p be the loop p^ U p^ . p is contained in Tubp(F_(_ U F_). If the arcs cr^(t) 
and cr^(t) remain disjoint for t < 1, we do not change p~. If the arcs intersect then 
at the first point of intersection p4 we replace p~ by the path on af from pi to p4 
union the path on cr^ from p2 to p^. Such a point p^ is necessarily outside E_i/2. 

The end E is an immersed half-plane X : Q = {{u,v) G M^; f > 0} — )■ H^ x M with 
X{Q) = E. The loop p G E is immersed and we denote hj p = X~^{p) the pre-image 
of p in Q. 
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In the Dragging lemma, we constructed the arc /i locally and then extended it. The 
preimage fi is locally embedded in Q. The arc fi can have self-intersections. If p is 
one of them, we consider the sub-arc 7 of /i with end points p. This sub-arc 7 bounds 
a disk in Q. We remove these sub arcs to obtain a piecewise C^ connected curve in 
Q without self-intersecting points. This defines a closed Jordan curve which bounds 
a disk D in Q. The immersion X{D) is a minimal disk in H^ x M with boundary an 
immersed connected curve contained in Tubp(r4. U r_) U dE. Now we analyze the 
geometry of the disk X{D). 

Consider the plane defined by -P(O) = {{x,y,t) G M.^;y < yo and t = 0}. This plane 
separates r+ U r_ in two connected components. 

We denote by /i = dX{D) the boundary of the minimal disk. Let fii = fiCl {a^ U cf ) 
and /i2 = /i n (c^ U 0-2") be the connected components of the loop in E containing pi 
and P2 respectively. The end points of /ii,/i2 are in different half-spaces determined 
by {x = 0} (one end point has x > p and the other x < —p). Thus the plane P(0) 
intersects jli and /i2, each one in an odd number of points. 

Now we will obtain a contradiction by proving that -P(O) fl pi is an even number of 
points. One translates horizontal catenoids Ce{q), q G E{0) fl -P(O), starting far from 
/x to see that before Ce touches a p-tubular neighborhood of /i, one does not touch the 
disk X{D). Hence X{D) n P(0) is contained in Fq n Tubp(r+ U r_). 

In Fq the sub arc /ii C Si and JI2 C S2 cannot be connected. Hence a connected 
arc 7 C X{D) fl -P(O) must have end points either in Ei or in S2. This means that 
there are an even number of point of pi fl -P(O) on dD = fi. This contradicts the odd 
intersection number of each arc with P(0). 

This proves that E is a graph for y > yo + 2R. 

Ends of type {p,q), tilted planes. Next we prove the theorem when E is trapped 
between two tilted (not horizontal) planes E{p,q). We can suppose E is contained a 
tilted slab S of the form, for some ci > 0: 

S = {{x, y, t) G M^; y > and — Ci < prt — qhx < Ci}. 

Since S is converging to a vertical slab as y — )■ 00, there is a yo > 1 so that if 
p E E, y{p) > yo, then the catenoid Ce{p) in Bp{p), has both its boundary circles 
outside of S. To see this, we use an isometry which leaves the slab S invariant and 
takes p E E to a. point p = {x,y,0). Observe that S fl {|t| < 1} is in a vertical 
slab bounded by P(— C2) and -P(c2), where C2 depends on pr and qh. Then for any 
point p = {x,y,0) with |x| < C2, Ci{p) C Bp{p) has boundary circles outside of the 
slab bounded by P{d) and P{—d) for d > C2, and y greater than some yo (using 
that {x,y,t) —7- {Xx,Xy,t) is an isometry). This property is invariant by changing 
p = {x, y, 0) to p = (x + pr, y,t + qh). 

We will prove that a sub-end of E is transverse to ^ for large y. Suppose this is not 
the case. We proceed exactly as in the case E is trapped between vertical planes to 
find pi,p2 E E n Bp{qi), qi the center of a horizontal catenoid Fq, and pi,p2 can not 
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be joined by a path in E that is inside Fq. The proof is modified in our choice of 
r = r+ U r_, and a loop in E passing through pi and p2. 

We denote by m the unit vector director of the straight fine {(x, y, t) G M^;pTt — qhx = 
and y = yo}. For a value ko E N which depends on the diameter of the periodic 
boundary curve, we consider r+ be the euclidean segment joining qi = (0,|/i,0) 
to gi + {koh + 2p)u, together with the segment joining qi + {koh + 2p)u to z = 
(0, yo, 0) + {k^h + 2p)u. We connect the point pi and p2 by an arc in E which stays 
in a tubular neighborhood of r+ U dE. 

Let r_ be the segment from gi = (0,?/i,0) to (0,yi,0) — {k^h + 2p)u, together with 
the segment joining (0, j/i, 0) — {koh + 2p)u to z = {0,yo,0) — {koh + 2p)u. We connect 
the point pi and p2 by an arc in E which stays in a tubular neighborhood of r_ U dE. 

Then the argument is the same to obtain a contradiction with F = r+ U F^. 

Ends of type (p, 0), horizontal planes. Let i^^ be a half-plane end (lifting of 

v4 C A^) to EI X M, between the planes t = ±d, with dE C {y = 1}, dE invariant 



by the isometry {x,y,t) — )■ (x + T,y,t). By proposition 7.2, we can assume t — )■ on 
£■ as y — )■ oo. So for yo large, the sub-end of E given hj y > yo is between planes 
t = ±c for any small c > 0. 

Let ?7 be a circle of radius one in {t = c} and let ri_ be rj translated vertically to a 
circle in {t = —c}. for c small enough, rjUr]^ bounds a stable (rotational) annulus 
Fq. Fq is a bigraph over {t = 0}. Now we assume yo chosen so that E is between 
t = ±c ioY y > yo and then dFo C {t = ±c}. 

As in section 6, where E was trapped between two vertical planes and Fq was a hori- 
zontal catenoid, we define Bp{q), C^ in the same manner, with C^ a vertical catenoid. 
We choose yo large enough so that E is between t = ±i/2 and Ce has its boundary 
circles in t = ±i for y > yo + ^■ 

Suppose p is in E , y{p) > y{0) + 3, and E has a vertical tangent plane at p. Then 
one places a vertical catenoid Fq to be tangent to F at p (after a small translation) 
and one obtains pi,p2 G E n Bp{q), q the center of Fq, such that pi,p2 can not be 
joined by a path in E that is inside Fq. 

For a value ko E N which depends on the diameter of the periodic boundary curve, 
we consider F+ be the euchdean segment joining gi = (0,?/i,0) to {koh + 2p,yi,0), 
together with the segment joining {koh + 2p, yi, 0) to 2; = {koh + 2p, yo, 0). We connect 
the points pi and p2 by an arc in E which stays in a tubular neighborhood of Tj^VJdE. 

Let F_ be the segment from gi = (0,?/i,0) to {—koh — 2p,yi,0), together with the 
segment joining {—koh — 2p, yi, 0) to 2; = {—koh — 2p, yo, 0). We connect the point pi 
and P2 by an arc in E which stays in a tubular neighborhood of F_ U dE. We apply 
now the same argument to obtain a contradiction. 

Finite total curvature. We proved that a minimal annulus is trapped in Slab and 
is a killing multigraph outside a compact set Ko <Z M x E^ . These graphs are stable, 
hence they have bounded Gaussian curvature. They are contained in a euclidean slab 
whose hyperbolic width tends to zero at infinity. 
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In the horizontal case with A asymptotic to ^(p,o), the end A has a hmit for its 
third coordinate. Since the curvature is bounded, A is a vertical graph of a function 
/ : ^(p,o) -^ ^, with / converging to in a C^ manner. The end A is converging to 
the cusp C X {0} and the curve T{y) nA = 7(1/) is a topological circle converging to a 
finite covering of a quotient c{y)/[ip]. The curve 7(1/) has uniform bounded curvature 
and its length goes to zero. Thus / , x kgds — )■ as y — )> 00. 

In the case of ends of type (0, g) and {p,q), the ends are horizontal multi-graphs on 
some A{0,p). Since A converges in a C^ manner to A{p, 0), the curves 7(1/) = T{y)r\A 
converge to a finite covering of a quotient of a vertical geodesic by the translation 
T{h). This implies that the curvature of 7(1/) converges uniformly to zero as |/ — )■ cxo. 

We apply the Gauss-Bonnet formula on an exhaustion of M x 5^ by a sequence of com- 
pact Kn, with boundary of Kn the union of mean curvature one tori Ti(n), ..., Tfc(n), 
in each end A^ C M x §^ and ^k,n = Tk{n)r\I^. 



/ KdA+ / kgds = 2TTxi^). 

JK^nS Jl{k,n) 



' 'y{k,n) 

When n — )■ 00, the integral of the curvature on '~f{k,n) tends to zero and we obtain 
the finite total curvature formula 

[ KdA = 2nx{^). 
Js 

9. Proof of the theorem in N 

Now we complete the proof of the Theorem 1.1 when the ambient space is A^. The idea 
is the same as in M x S^. Let A be an annular end in A^(— 1), minimal and properly 
immersed. By Lemma 4.1 (the same proof) we can suppose A C Uy>iT{y), dA is an 
immersed closed curve and A is transverse to T(l) along dA. Let E he a connected lift 
of A to M.^, so dE C {{x, 1, t) G M^}. Observe that ii^ is a half-plane, not an annulus. 
Suppose, on the contrary that E is an immersed annulus, so dE C {{x, l,t) G M^} 
is compact. Let D be the convex hull of {(x,0,t) G M^; (x, l,t) G dE} in the y = 
plane. Let L be a line of the plane Q = {y = 0}, disjoint from D. 

Let C be a small circle in Q in the half-space Ti oi Q — L disjoint from D. C 
bounds a totally geodesic hyperbolic plane in H^ (it is a hemisphere orthogonal to 
Q along C in our model). For C small, this plane is disjoint from E. Let the 
circle C grow in "H and converge to L. By the maximum principle, there is no 
first contact point of the planes bounded by these circles with E (the planes do not 
touch dE). Since the hyperbolic planes bounded by the circles converge to L x ]R+, 
it follows that E is on one side of L x M"''. Hence E is contained in the cylinder 
Cyl = {(x, y, t)eR'; (x, 0, t) edD,y>0}. 

For y large, the diameter of Cyl tends to zero; i.e. the diameter of Cyl (1 {y = const} 
tends to zero. So we could touch E hj a catenoid at an interior point of E; a 
contradiction. 
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Now we know E is a half-plane. After an isometry of H^, we can assume dE is 
invariant under the parabohc isometry: {x,y,t) — )■ (a; + T,y,t), and dE C {y = 1}. 
so the t coordinate is bounded on dE. The same convex hull argument as in the 
previous annular case, then shows the t coordinate has the same bound on E; \t\ < c, 
for some c > 0, (one takes L to be a horizontal line in {y = 0}, above height c, and 
considers circles C in {y = 0} above L. When C converges to L in {y = 0}, the 
hyperbolic planes in H^ bounded by C, are disjoint from E and converge to L x IR+). 
So E is trapped between two horizontal planes t = ±c. 

The distance between these horizontal planes tends to zero as |/ — ?■ oo. Now we will 
prove that for y large, the killing field ^ is transverse to E. hence a sub-end of E 
has bounded curvature. This will complete the proof as follows. The sub-end is a 
vertical graph over the plane t = 0, that converges to zero in the C^-topology. The 
graph function is the distance to the plane t = 0. Thus the geodesic curvature of the 
curve in E, given by Cyl = E (1 {y = constant} is bounded. Also the length of this 
curve Cy tends to zero in Cy modulo {x, y, t) — )> (a; + r, y, t). This yields the formula 
for the finite total curvature of S in A^: apply Gauss-Bonnet to the compact part of 
S bounded by the curves Cy in the ends and let y — )> oo. 

Thus it suffices to prove E is transverse to ^ for y large. The proof of this is the same 
as in section 8, for an end trapped between two horizontall planes. More precisely, for 
an end E in Ai between two horizontal planes that are close, the distance between 
the planes |t| = c tends to zero as y — )■ oo, so one can put a vertical catenoid Fq, 
whose boundary circles are of radius one and in the horizontal planes \t\ = d > c, 
when the center q of Fq has y{q) larger than some y^. 

One chooses p, d, as in Sections 6 and 8, and using the Dragging lemma, one shows that 
if E has a vertical tangent plane at p, y{p) large, then one finds pi,p2 G Bp{q) fl E, 
that can not be joined by a path in ii^ fl Fq . One defines F = r+ U r_ and the same 
proof now gives a contradiction. 
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